In this paper we present a dynamic version of Walrasian competitive equilibrium for a pure exchange economy: each consumer attains the optimal satiety when maximizes, under the budget constrain, the mean value of utility in a given period. Moreover, we give a motivation because the above dynamic equilibrium can not be characterized by using variational approach.
Introduction
The theory of equilibrium problems has great importance not only in Economics but also in several branches of pure and applied sciences. Among the novel techniques, which had unified different research areas, the variational approach is that more recent: an economic equilibrium is characterized as a solution to a suitable quasi-variational inequality. Following this line of investigation, among the most significant papers, we can cite [1, 2, 8, 11, 15, 16] .
As next study in this direction, it is natural to answer the questions: What is the economic sense of a Walrasian competitive dynamic equilibrium and what are the mathematical tools to define an correspondent evolutionary problem? In the dynamic case is also possible to use the variational approach to determine the existence of an equilibrium point?
Vitanza et al. in [10, 12, 13, 14] and Causa et al. in [5, 6] suggest a evolutionary definition without suitable economical and mathematical motivations and propose contextually partial results.
The aim of this paper is twofold: 1) define Walrasian competitive equilibrium problem in dynamic form, 2) with reference to a pure exchange economy, give a motivation because the dynamic problem so defined in 1) cannot be solved by using the variational approach.
For the goals we walk the way traced by Anello et al. in [1, 2] (which now we label as static case) and each time we carry out the necessary economical and mathematical adjustments due to the introduction of the time in the considered objects.
Our idea arises from a valuation on degree of satiety of the consumer in a given period.
In a marketplace with free competition and decentralized information, for any instant of time, each consumer has an initial endowment and an utility function, which he adopts for making the better choice among the feasible allocations of consumption. If the process of maximization on the utility function is instantly realized, at the end of period, each consumer would reach a total infinite allocations to which would correspond however a finite number of successes. Therefore, comforted by statistical reasons, the maximization on the mean value of utility, certainly, will guarantee to each consumer the optimal satiety for the considered period. Nevertheless this correct economic motivation brings within oneself some difficulties from the point of the mathematical modeling. In particular, now the commodity space is the infinite-dimensional space of square summable functions on the given period and the price set cannot be compact.
Moreover, considering a pure exchange economy, it's clear that in addition to the budget constrain, there is also the non instantaneous production condition. But, choosing to find a solution to the dynamic problem by using the variational approach, we observe that from the suitable evolutionary quasi-variational inequality (built as in static case) derives a non mean production condition: the mean value of the total consumption does not exceed the mean value of the total endowment. Finally a contra-example in this context, establishes that the non mean production condition does not imply the non point-wise production condition and therefore we cannot determine any Walrasian dynamic competitive equilibrium for a pure exchange economy by the variational method.
Preliminares notes: static case
For general background on the definitions and properties corresponding to the consumers, price, commodities, actions, utility functions and economic equilibrium we refer the reader to [3, 9] .
Given l different goods indexed by j = 1, 2, ..., l and n agents indexed by a = 1, 2, ..., n, we denote by e = (e 
a −e j a ) ≤ 0 and u a : R l + → R be, respectively, the associated budget set and utility function, this latter supposed quasi-concave and C 1 in R l + . The classical equilibrium problem in an economy of pure exchange states as follows Moreover, if we impose the following further conditions on each utility u a Problem (P) was solved in [2] by a variational approach, which consists of three steps:
2 nd prove that (1) has a solution; 3 rd prove that any solution of (1) is an equilibrium.
The existence of a solution for (1) is established by applying an existence result for generalized quasi-variational inequality due to [7] .
Main Results
As mentioned in Introduction we proceed with the dynamic formulation of the problem (P) treating each activities in terms of mean values. 
the vector space of all classes f of measurable functions from T into R l for which |f | 2 is integrable and L + the class of all functions of L which have non-negative components in
where f ∈ L, is the norm induced by (2) .
The preference of agent a is measured in utility terms by a real function u a : T × R l + → R, which satisfies the following conditions:
Assume that agent a's wealth in the period T is the mean value of the instantaneous wealths and that agent a's values of other commodity bundles in the period T as the mean value of the instantaneous values of other commodity bundles.
Then the budget set is
In the period T , the mean value of the wealth corresponding to the consumption x a cannot be greater than the mean value of the wealth corresponding to the initial endowment e a .
According to the definition of M a (p) in terms of mean value, the maximization problem will assume the following form:
where Following the same line of reasoning of the static case we prove: where D is the differentiation operator with respect to the variables of L. From the above equation we obtain ∇u a (t,x a (t)) = 0 for almost all t ∈ T , in contradiction with condition α). Consequently, (3) cannot hold. Thus, from the arbitrariness of a, the conclusion follows.
Let us now try to apply the variational approach to (DP).
Fact 1. Consider the evolutionary quasi-variational inequality
as the dynamical correspondent inequality of (1). Denote by (p,x) ∈ P ×M(p) a solution of (4) . Suppose that the utility functions u a :
Following the same line of reasoning of Theorem 1 in [2] , from (4) one obtains
The (5) represents a non production condition in terms of mean values. In other words, the (5) asserts that the mean value of the total consumption does not exceed the mean value of the total endowment. Moreover the (5) does not imply the point-wise non production condition b) of the problem (DP) as showed in the underlying example. and for all t ∈ 0, T 2 .
